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Abstract: This paper deals with the minimization of a class of non-differentiable (non-
smooth) pseudolinear functions over a closed and convex set subject to linear inequality
constraints. The properties of locally Lipschitz pseudolinear functions are used to establish
several Lagrange multiplier characterizations of the solution set of the minimization problem.
We derive certain conditions, under which an efficient solution becomes a properly efficient
solution of a constrained non-differentiable minimization problem.
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INTRODUCTION

The characterizations and the properties of the solution set related to an optimization problem having multiple
optimal solutions are of fundamental importance in understanding the behavior of solution methods.
Mangasarian [1] has given simple and elegant characterizations for the solution set of convex extremum
problems with one solution known. These results have been further extended to various classes of optimization
problems infinite dimensional convex optimization problems [2, 3], generalized convex optimization problems
[4-7] and convex vector optimization problems [8]. Mangasarian [9] has introduced the concept of
pseudoconvex and pseudoconcave functions as generalization of convex and concave functions respectively.
Chew et al. [10] have introduced pseudolinear functions. First and second order characterizations od
differentiable pseudolinear functions have been obtained in [10, 11]. Jeyakumar et al. [6] have obtained the
characterizations of the solution set of differentiable pseudolinear program. Lu et al. [12] have established some
characterizations for locally Lipschitz pseudolinear functions and solution set of a pseudolinear program using
Clarke subdifferential on Banach spaces. Dinh et al. [13] have shown several Lagrange multiplier
characterizations of a pseudolinear optimization problem over a closed convex set with linear inequality
constraints.

This paper has different sections. Section 2 consists some basic definitions and preliminary results. In section 3,
we establish Lagrange multiplier characterizations of the solution set of a constrained non-smooth pseudolinear
optimization problem with a linear inequality constraints in terms of Clarke subdifferential. In section 4, we
derive certain conditions, under which an efficient solution becomes a properly efficient solution of a
constrained non-smooth (non-differentiable) vector pseudolinear minimization problem. Section 5 consists
conclusions on our results.

Definitions and Preliminaries

Let R¥ be the k-dimensional Euclidean space and R be the positive orthant of R. Let S be any non-empty subset
of R€and (., .) denote the Euclidean inner product.

The following definitions and Lemmas are from [15].

Definition 2.1 A function g : S — R is said to be locally Lipschitz at s € S, if and only if there exists a positive
number L and a neighborhood N of s such that, for any x,y € N, one has

lg(x) — g < Liix—yll.

The function g is said to be Lipschitz on S, if and only if the above condition is satisfied for all s € S.

Definition 2.2 Let g:S— R be a locally Lipschitz function at s € S. The Clarke generalized directional
derivative of g at s € S in the direction of vector v € RX is denoted by g°(s ; v) and is defined as

gly+tv)-g(y)

g°(s,v) = lim sup y-s "
t

10
Definition 2.3 Let g: S — R be a locally Lipschitz function at s € S. The Clarke generalized subdifferential of

gats €S isdenoted by d°g(s) and is defined as
0°g(s) = {@ € R¥: g°(s,v) = (¢, V),V v E R}
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Definition 2.4 Let M be any non-empty and closed subset of RX. The Clarke tangent cone of M at s is denoted
by Ty (s) and is defined as
Tu(s) = {t € R d(s,©) = 0},
Where dy; denotes the distance function related to M and
dy(s) = inf{]|s — t]|: t € M}.
Definition 2.5 Let M be any non-empty and closed subset of R¥. The Clarke normal cone of M at s is denoted by
Nu(s) and is defined as
Nu(s) = {@ € R&: (¢, v) S 0,V v € Ty(s)}.
Lemma 2.1 Let g:S — R be a locally Lipschitz function with Lipschitz constant L at s € S. Then 9°g(s) is a
non-empty convex and compact subset of R and ||¢|| < L,V ¢ € 9°g(s).
Lemma 2.2 (Lebourg mean value theorem) Let s,t € S and suppose that g : S — R be locally Lipschitz on an
open set including the line segment [s, t]. Then there exists a point u in ]s, t[ such that
g(s) —g(t) € (0°g(w),s — 1),
where s, t[ denotes the line segment joining s and t not including end points s and t.
Lemma 2.3 Let g:S — R be a locally Lipschitz function at s € S. If {s,} and {¢,} are two sequences in R¥
such that @y € 9°g(sy) for all k and if s, — s and ¢ is a cluster point of {¢y}, then @ € 3°g(s).
Definition 2.6 ([12, 16]) Let S be an open convex set of RX. A locally Lipschitz function g : S — R is said to be
pseudoconvex on S, if and only if for all s,t € S, one has

gt) < g(s) = (p,t—5s) <0,V ¢ €d%(s)
or equivalently
there exists ¢ € 0°g(s): (@, t —s) = 0 = g(t) = g(s).
Definition 2.7 Let S be an open convex set of RK. A locally Lipschitz function g:S — R is said to be
pseudoconcave on S, if and only if (- g) is pseudoconvex on S.
Definition 2.8 Let S be an open convex set of RK. A locally Lipschitz function g:S — R is said to be
pseudolinear on S, if and only if g is both pseudoconvex and pseudoconcave on S.
Definition 2.9 ([2]) Let C be a non-empty convex set of RX. The relative interior of C, denoted by ri C, is the set
of all those c € C, for which cone (C — ¢) is a subspace.
Definition 2.10 ([18]) Let B be a closed and convex set of RK. The recession cone of B is denoted by B® and is
defined as

B®={xeRb+tx€BVt=0,6vbeB}
The set B is bounded if and only if B* = {0}
Lemma 2.4 Let S be an open convex set of RX. If g: S — R be a locally Lipschitz pseudolinear function on S,
then g(s) = g(t) if and only if there exists ¢ € d°g(s) such that (¢,t —s) =0, Vs,t €S.
Lemma 2.5 Let S be an open convex set of R€ and g : S — R be a locally Lipschitz function on S. Then, the
function g is pseudolinear on S, if and only if there exists a function p: S x S — R, such that, for every s,t € S
there exists ¢ € d°g(s) such that g(t) = g(s) + p(s, t){(p,t —s)

Proposition 2.1 Let S be an open convex set of R< and g : S — R be a locally Lipschitz pseudolinear function
on S. Let u € S, then the set
T ={s €S:g(s) =g(u)}isconvex.
Proof Lett,u € T, then we have g(s) = g(t) = g(v)
By Lemma 2.4, there exists ¢ € d°g(s) such that (¢,t —s) = 0.
Then, for every A € [0,1], 3 @ € d°g(s) such that
(@, (1= s+ At) —s) = Mo, t—s)=0
Thus, using Lemma 2.4, again we infer that
g((l - Ms+ At) = g(s) = g(w), v A€ [0,1].
Hence, (1— A)s+ At€T, vV A€ [0,1].
Therefore, T is convex.

Proposition 2.2 Let S be an open convex set of RK and g : S — R be a locally Lipschitz pseudolinear function
on S. Let s € S be arbitrary, then for any ¢, ¢’ € 0°g(s) there exists A > 0 such that ¢’ = A@.

Non-differentiable (non-smooth) Pseudolinear Optimization Problems

In this section, we derive Lagrange multiplier characterizations of a non-smooth pseudolinear optimization
problem with a linear inequality constraints in terms of Clarke subdifferential.

We consider the following constrained non-smooth pseudolinear optimization problem (NPOP):

(NPOP) Minimize  g(s)
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subjectto seD={seC:as=b;, j=1,23,....,m},
where g:S— R is a locally Lipschitz pseudolinear function and D is contained in an open convex set S,
a; € R&,b; € Rand C is a closed and convex subset of R¥.
Let U= {seD:g(s) = g(t),vt € D} D
The set U is the solution set of the non-smooth pseudolinear optimization problem (NPOP). The set U is non-
empty convex subset of R,
Now, we state the following necessary and sufficient optimality conditions which are non-smooth version of the
result given in [13].

Proposition 3.1 Let s € D and let the (NPOP) satisfies some suitable constraint qualification such as, there
exists s, € ri C, such that ajs, = b; for all j € ], where ri C is the relative interior of the set C. Then, s € U if and

only if there exists a Lagrange multiplier A = (A1, A,, A3, « . ... ,Am) € R™ such that
0 € 9%(s) + le aj + N¢(s),
j€J
A 20, Aafs—b) =0, Vj€] )

where N¢(s) is the Clarke normal cone of C at s.
The following theorem establishes that the active constraints corresponding to a known solution of the (NPOP)
remain active at all the solutions of the (NPOP).

Theorem 3.1 Let s € U and let the (NPOP) satisfies optimality condition (2) with a Lagrange multiplier
A=y Ay Agy e ,Am) € R™. Then, for each t € U, Ty Aj(ajt —b;) = 0 and g() + Ty Aj(a5() —
by) is a constant function on U.

Proof Using (2), there exists ¢ € 9°g(s) such that

((p,t—s)+z ANal(t—s)20, VteC 3)
JEIs)
Since, gis a locally Lipschitz pseudolinear function on S, by Lemma 2.5, there exists a positive real valued
function p:SXS—->R, and @' € 9°g(s) such that
g = g(s) + p(s, ti{@", t — s). (4)

Using Proposition 2.2, there exists p > 0 such that @’ = pe.
Hence from (4), we have
g(® = g(s) + pup(s, ti (e, t — s).
Using (2), (3) and (4), we have
g(t) — g(s) + up(s,t) Z A (aft—by) 20, vteC.

j€l(s)
Since foreach t € U, g(t) = g(s), it follows that

up(s, t) z A(aft—b)z0

jEJ(s)
Since p(s,t) > 0 and p > 0, we have
A (aft—by) 2 0.
JEJ(s)
From the feasibility of t, we have
> A@fe-b) <o
JEI(s)
Hence, we get
JEI(s)

which proves that g(-) + ¥e;s) Aj(a;(") — by) is a constant function on U.
Now, we assume that s € U and A € R™ is a Lagrange multiplier corresponding to s. Let J(s) = {j € J(s): 2y >
0} and tas = (1 — o)t + as, a € [0,1]. Now, we establish the characterization of the solution set of the (NPOP).

Theorem 3.2 Let s € U and let the (NPOP) satisfies optimality condition (2) with a Lagrange multiplier
A= Ay Agy e e ,Am) € R™. Let
U, ={tec at="b;,vj€J(s), a/t = b;,vj e \](s), 3¢ € 0°%(D: (@, t —s) = 0}
U,={teCat=b,vje](s), a/t=b,Vje\](s), IV e gD:(¥,t—s)=0}
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U, ={teC a't= by, vj €](s), ajt = b;,vj € \](s), 3% € 9°(tas): (§ t—s) = 0,Va € [0,1]}
Then, U =0, = U, = Us.
Proof We prove the equality U = U,.
Lets € U, then g(s) = g(t)
By Theorem 3.1, we have

> A @fs—b)=0

jeJ(®

Therefore, af's = b;, vj € \ J(t)

Again, since g(s) = g(t), using Lemma 2.4, 3 ¥ € 9°g(t) such that
(¥,s — t) = 0, which provides s € U,.

Thus, U € U,,.

Conversely, lets € U,, thens € C, afs = b;,Vj €]

Y e d°(t) suchthat (W,s —t) =0

By Lemma 2.4, s € D and g(s) = g(t), which implies that s € U.
Thus, U, € U.

Therefore, U = U,.

Similarly, we can prove other equalities.

Hence, U=TU, = U, = U,.

Corollary 3.1 Let s € U and let the (NPOP) satisfies optimality condition (2) with a Lagrange multiplier
A= Ay Az e e ,Am) € R™. Let
U, ={teCalt=b,Vje](s), ajt=b;,Vje \](s), 3¢ €dgD: (g t—s)=0}
U,={teCat=b,vje](s), a/t=b,Vje\](s), 3IV¥eag®D:(¥,t—s)=0}
U, ={teC: at="b;,Vvj€](s), a/t = b;,vj e \](s), 3 € 9%(tas): (5t —s) = 0,Va € [0,1]}
Then,U=10, =0, = U,.
Proof Clearly, U, €U,,U, €U,,U; c U,.
Lets € Uy, then ajs = by, Vj €J(s) and afs < b;,vj € ]\ J(s)
Using Lemma 2.5, 3 ¢ € 0°g(s) such that
g(0) —g(s) =p(s,0(p, t—5) = 0
which implies that g(s) = g(t).
Ast € U, we get g(s) = g(t)
Hence, s € U.
Using Lemma 2.5, 3 W € 9°g(s) such that
81 —g(s) = p(s, (¥, t —s)
Using above equality, we can prove that U, < U,
Using Lemma 2.5, 3 £ € 9°g(s) such that
g(t) — g(tas) = (1 — aw)p(tas, )€t —s),V a € [0,1]
Using above equality, we can prove that U, € U,.
Hence, U=T, =0, = U,.
Now, we will prove that for the case C = R, a polyhedral convex subset of R¥ is the solution set of the (NPOP).
We establish the characterization independently from the objective function g.

Theorem 3.3 Suppose that for C = R¥ and s € U, the (NPOP) satisfies optimality condition (2) with a Lagrange
multiplier A = (A, A5, v eee .. ,Am) € R™. Then,

U={teR alt=1b;,Vj€](s), aJt = b;,Vvj € \](s)}.

And, hence, U is a polyhedral convex subset of RX.

Proof Using (2), there exists ¢ € 0°g(s) such that

(p,t—s)+ Z Aaf(t—s) 20, vte Rk (5)

j€l(s)
Let t € R* satisfies a/t = b;,vj € J(s) and aft < by, vj € ]\ J(s), then from (5), there exists ¢ € d°g(s) such
that

(@,t—s)=0.
Corollary 3.2 Suppose that for C = R¥ and s € U, the (NPOP) satisfies optimality condition (2) with a
Lagrange multiplier A = (A, A5, ... ... ... ,Am) € R™. Then, the solution set U is bounded if and only if

{te R alt=10,vj €](s), a/t = 0,Vj €]\ J(s)} = {0}
Proof From Theorem 3.3, we have
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U” ={teR% aft=10,vj€](s), a/t = 0,vj e \](s)}
Where U is the recession cone of U. It is obvious by the definition that the set U is bounded if and only if
Uu® =0.

4 Non-differentiable (non-smooth) Vector Pseudolinear Optimization Problem (NVPOP) with Linear
Inequality Constraints

We consider the following non-smooth vector pseudolinear optimization problem (NVPOP) with linear
inequality constraints:

(NVPOP)  Minimize g(s) = (g,(s), g2(s), g3(s), w.r - ,8m(s))

Subjecttos € D = {s eRN als<bjje]={1,23 ... ,n}}
where a; € R¥, b; € R
gi:S—R iel={123,.... ,m} are locally Lipschitz pseudolinear functions on open convex set S,

containing D with respect to the same proportional function p.
Let J() ={j€J: at =b;}

Definition 4.1 ([19]) A point s € D is said to be an efficient solution of the (NVPOP), if and only if there exists
no t € D such that

gi(t) < gi(s), Vi€l

gq(t) < gq(s), forsomeq €l

Let U be the set of all efficient solution of the (NVPOP) and U # 0.

Definition 4.2 ([19]) An efficient solution s € U is said to be properly efficient solution of the (NVPOP), if and
only if there exists a scalar L > 0 such that, for all i € I, the inequality

giO-8i) <7

8q(s)—gq(® —

holds for some q € I such that g, (t) < gq(s) whenever s € D and g;(t) > g;(s).

In the following theorem, we establish the conditions under which an efficient solution becomes a properly
efficient solution.

Theorem 4.1: Lets € D for the (NVPOP). Then the following statements are equivalent:
(i) s is an efficient solution of the (NVPOP), i.e. s € U,
(i)axrx>o0i=1,234,.... ,m such that

m m
Y us®= Y g, veeb,

i=1 i=1
(iii) s is a properly efficient solution of the (NVPOP).
Proof : We shall prove the following implications.
Implication (i) = (ii)
Implication (ii) = (iii)
Implication (iii) = (i)
From the definitions (4.1) and (4.2), the implication (iii) = (i) is obvious.
From [18], we have
The implication (ii) = (iii)
Now, We shall prove the implication (i) = (ii).
Let s € D is an efficient solution of the (NVPOP). Then by Theorem 2.1in [14], there exist A; >0, i =
1,2,3,4, ... ... ,m, B; = 0, j € J(s) and there exists ¢; € d°g;(s) such that

m

i=1

JEJ(s)
Therefore, V t € D, 3 ¢; € 3°g;(s) such that
m
27\1<(Pi.t—5)+ Z B; a]-T(t—S)=0. (6)
i=1 [0

Since, for all j € J(s), a]-Ts = by, therefore, equation (6) becomes

m
in«pi,t—s>+ Z B, @lt—b)=0, vteD
i=1

J€I(s)
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Since (aft —b;) < 0, therefore for any t € D, 3 ¢; € 9°g;(s) such that

m
Z}\i ((pi,t—S> > 0. (7)
i=1
Since g;,i=1,2,3,4,...... ,m are pseudolinear functions with respect to p, therefore 3 ¢; € 9°g;(s) such that
gi(0) —gi(s) = p(s, (e, t—s),  VteD. ®)
From Proposition 2.2, 3 y; > 0,i = 1,2,3,4, ... ... ... ,m such that ¢; = p;;.
Therefore equation (8) becomes
gi(®) — gi(s) = p(s, Dpi{p;, t—s), vteD. C))
Since p(s,t) >0andy; > 0,i =1,2,3,4,......... ,m

Therefore from equations (7) and (9), we have
Z }\i gl(t) > Z }\i gi(S), vVt e ﬁ
i=1 i=1

which implies that (ii) holds.

Thus, implication (i) = (ii). Which completes the proof.

CONCLUSIONS

In this paper, we have studied the minimization (optimization) of a non-differentiable (non-smooth) locally
Lipschitz pseudolinear function subject to linear inequality constraints over a closed and convex set. We have
used the properties of locally Lipschitz pseudolinear functions to establish several Lagrange multiplier
characterizations of the solution set of the minimization (optimization) problem (NPOP). We have shown that
the Lagrangian function is consant on the solution set of (NPOP). We have shown that the conditions for an
efficient solution of constrained non-differentiable (non-smooth) vector pseudolinear optimization problem

(NVPOP) to be a properly efficient solution.
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